Abstract. We consider the asymptotic dynamics of the EinsteinMaxwell field equations for the class of non-tilted Bianchi cosmologies with a barotropic perfect fluid and a pure homogeneous sourcefree magnetic field, with emphasis on models of Bianchi type VII0, which have not been previously studied. Using the orthonormal frame formalism and Hubble-normalized variables, we show that, as is the case for the previously studied class A magnetic Bianchi models, the magnetic Bianchi VII0 cosmologies also exhibit an oscillatory approach to the initial singularity. However, in contrast to the other magnetic Bianchi models, we rigorously establish that typical magnetic Bianchi VII0 cosmologies exhibit the phenomena of asymptotic self-similarity breaking and Weyl curvature dominance in the late-time regime.
Introduction
The influence of an intergalactic magnetic field on cosmological models has been investigated for over four decades both from a theoretical and observational point of view. Cosmologists speculate that such a field could be primordial in origin, that is, one that came into existence at the Planck time. Observational techniques rely on studying processes such as the temperature distribution of the cosmic microwave background radiation (CMBR), primeval nucleosynthesis and the Faraday rotation of linearly polarized radiation emitted from extragalactic radio sources. Barrow et al [1] derive an upper bound of B 0 < 3.4 × 10 −9 (Ω 0 h 2 50 ) 1/2 gauss on the present strength of any spatially homogeneous primordial magnetic field 2 based on data from the COBE satellite (Ω 0 is the present value of the density parameter and h 50 is the Hubble constant in units of 50 km s −1 Mpc −1 ). All observations to date only place an upper bound on the strength of such a magnetic field and hence are inconclusive as regards its existence.
Any cosmological model which contains a magnetic field is necessarily anisotropic, since isotropy is violated by the preferred direction of the magnetic field vector. Consequently, one must analyze the Einstein field equations in models more general than the homogeneous and isotropic Friedmann-Lemaître (FL) models. The simplest family of cosmological models that can admit a magnetic field are the so-called Bianchi cosmologies, that is, models which admit a three-parameter group of isometries acting orthogonally transitively on spacelike hypersurfaces. The models are thus spatially homogeneous, but, in general, anisotropic. We assume that the models contain a barotropic perfect fluid whose four-velocity is orthogonal to the group orbits, and that observers comoving with the fluid measure a pure source-free magnetic field. We also assume that the perfect fluid satisfies an equation of state p = (γ − 1)µ, where γ is constant and satisfies 2 3 < γ < 2, the cases γ = 1 (dust) and γ = 4 3 (radiation) being of primary interest. We shall refer to solutions of the combined Einstein-Maxwell field euqations that satisfy the above properties as magnetic Bianchi cosmologies. It is known that the field equations lead to restrictions on the Bianchi-Behr type of the isometry group, namely, that it is of types I, II, VI 0 or VII 0 (in class A) or type III (in class B) 3 . Significant progress has been made in the study of magnetic Bianchi cosmologies. Collins [2] was the first to use techniques from dynamical systems theory to obtain qualitative results concerning the evolution of axisymmetric Bianchi I models under the assumption that the magnetic field is aligned along a shear eigenvector. More recently, LeBlanc et al [8] gave a qualitative analysis of the dynamics of magnetic Bianchi cosmologies of type VI 0 in their asymptotic regimes, that is, near the initial singularity and at late times. This work made use of the orthonormal frame formalism of Ellis and MacCallum [4] and Hubble-normalized variables (see [19] , ch. 5 and 6). This formalism was also used in [6] and [7] to give a similar analysis of magnetic Bianchi universes of types I and II. Most recently, Crowe [3] extended the results to magnetic Bianchi models of type III. There remains one class which has not been previously analyzed, namely magnetic Bianchi cosmologies of type VII 0 .
Our goal in this paper is to fill this gap by giving a qualitative analysis of the dynamics of magnetic Bianchi cosmologies of type VII 0 in their asymptotic regimes. Bianchi cosmologies of type VII 0 are of interest because they represent anisotropic generalizations of the flat FL models. The asymptotic dynamics of the non-magnetic models at late times has only been analyzed in detail relatively recently (see [20] ). It is worth comparing non-magnetic Bianchi cosmologies of group type VII 0 with their counterparts of group type I, which are also anisotropic generalizations of the flat FL models. The non-magnetic Bianchi type I cosmologies are asymptotically self-similar at late times, that is, they are approximated by a self-similar solution at late times. This self-similar solution is in fact the flat FL solution, which means that the Bianchi I cosmologies undergo asymptotic isotropization. In con-trast, for values of the equation of state parameter γ satisfying 2 3 < γ < 2, the Bianchi VII 0 cosmologies are not asymptotically self-similar at late times. Nevertheless, for values of γ satisying 1 γ 4 3 , they undergo a subtle form of isotropization: the rate of expansion isotropizes, but the intrinsic gravitational field, as described by the Weyl curvature tensor, does not. This phenomenon has been referred to as Weyl curvature dominance (see [20] ). One of our specific goals in this paper is to determine what effect a cosmic magnetic field has on the above-mentioned isotropization. The method that we use is a generalization of the analysis of the non-magnetic Bianchi VII 0 and VIII models given in [20] and [5] , respectively.
The plan of paper is as follows. In section 2, we present the evolution equations for the magnetic Bianchi cosmologies of type VII 0 using the orthonormal-frame formalism and Hubble-normalized variables. Section 3 contains the main result concerning the dynamics in the late-time regime, namely theorem 3.1 and corollary 3.1, which give the limits of the Hubblenormalized variables and of certain physical dimensionless scalars, thereby describing the asymptotic dynamics at late times. In section 4, we examine the singular asymptotic regime and show that typical models exhibit an oscillatory singularity. We conclude in section 5 with a discussion of the cosmological implications of our results and give an overview of the asymptotic dynamics of the magnetic Bianchi cosmologies, noting that the present paper completes the picture.
There are three appendices. Appendix A contains the proof of the fact that magnetic Bianchi VII 0 universes are not asymptotically self-similar at late times. Appendix B fills in some of the technical details of the proof of theorem 3.1. Finally, in appendix C we give expressions for a dimensionless scalar formed from the Weyl curvature tensor in terms of the Hubble-normalized variables.
Evolution equations
In this section we give the evolution equations for magnetic Bianchi cosmologies of type VII 0 . As described in [8] (pg. 517), we use Hubblenormalized variables
defined relative to a group-invariant orthonormal frame {e a }, with e 0 = u, the fluid 4-velocity, which is normal to the group orbits.
The variables Σ ± describe the shear of the fluid congruence, the N 2,3 are spatial connection variables which describe the intrinsic curvature of the group orbits and the variable H describes the magnetic degree of freedom. The magnetic Bianchi VII 0 cosmologies are described by the inequalities H > 0 and N 2 N 3 > 0. Without loss of generality, we assume
It is convenient to define
and replace (2.1) by the state vector
The restrictions (2.2) become
The state variables (2.1) and (2.4) are dimensionless, having been normalized with the Hubble scalar 4 H, which is related to the overall length scale ℓ by 6) where the overdot denotes differentiation with respect to clock time along the fundamental congruence. The state variables depend on a dimensionless time variable τ that is related to the length scale ℓ by
where ℓ 0 is a constant. The dimensionless time τ is related to the clock time t by dt dτ 8) as follows from equations (2.6) and (2.7). In formulating the evolution equations we require the deceleration parameter q, defined by 9) and the density parameter Ω, defined by
4 On account of (2.6), H is related to the rate of volume expansion θ of the fundamental congruence according to H = 1 3 θ. We note that all variables of LeBlanc et al [8] are normalized with θ.
We also find it convenient to introduce the magnetic density parameter Ω h , defined analogously by 11) where µ h is the energy density of the magnetic field. We note that µ h is given by 12) where the h α , α = 1, 2, 3, are the components of the magnetic field intensity relative to the spatial orthonormal frame {e α }, which has been chosen so that h α = (h 1 , 0, 0) (2.13) (see [8] ). A complete derivation of the evolution equations for the variables (2.4), which arise from the combined Einstein-Maxwell field equations, is provided in [8] (see section 2). These evolution equations read
where
) 16) and ′ denotes differentiation with respect to τ . For future reference we also note the evolution equation for Ω: 17) and the expression for the magnetic density parameter 18) in terms of the Hubble-normalized magnetic field intensity H = h 1 /H, which follows from (2.11), (2.12) and (2.13).
5 These evolution equations are essentially the same as those given in [8] for magnetic Bianchi VI 0 models, apart from a numerical factor multiplying H 2 . The difference between Bianchi VII 0 and Bianchi VI 0 models lies in the restrictions that define the state space: the quantity N 2 + − 3N 2 − is negative for Bianchi VI 0 models, in contrast to (2.5).
The physical requirement Ω 0 in conjunction with (2.3) implies that the variables Σ ± , N − and H are bounded, but places no restriction on N + itself. In fact, it will be shown in appendix A (see proposition A.1) that if Ω > 0 and The first step in analyzing the dynamics at late times (τ → +∞) is to introduce new variables which are bounded at late times and which enable us to isolate the oscillatory behaviour associated with Σ − and N − . Motivated by [20] , we define 20) where R 0.
In terms of the new variables (Σ + , R, H, M, ψ), the evolution equations (2.14) have the following form
and
The evolution equation for Ω becomes
The restrictions (2.5) are equivalent to
Limits at late times
In this section we present a theorem which gives the limiting behaviour as τ → +∞ of the magnetic Bianchi VII 0 cosmologies when the equation of state parameter γ satisfies 2 3 < γ < 2. As a corollary of the theorem, we obtain the limiting behaviour of certain dimensionless scalars that describe physical properties of the models, namely the density parameter Ω, defined by (2.10), the magnetic density parameter Ω h , defined by (2.11), the shear parameter Σ, defined by
where σ ab is the rate-of-shear tensor of the fluid congruence, and the Weyl curvature parameter W, defined by
where E ab and H ab are the electric and magnetic parts of the Weyl tensor, respectively (see [19] , pg. 19), relative to the fluid congruence.
In terms of the Hubble-normalized variables, the shear parameter is given by
which follows from (2.20) in conjunction with equation (6.13) in [19] . The formula for the Weyl curvature parameter is more complicated and is provided in appendix C. The main result concerning the limits of Σ + , R, H and M is contained in the following theorem. Some of the results depend on requiring that the model is not locally rotationally symmetric 6 (LRS).
Theorem 3.1. For all magnetic Bianchi cosmologies of type VII 0 that are not LRS and with density parameter Ω satisfying Ω > 0, the Hubblenormalized state variables (Σ + , R, H, M ) satisfy
6 See, for example, [19] , pg. 22. We note that the LRS magnetic Bianchi VII 0 models are described by the invariant subset Σ − = N − = 0, equivalently, R = 0. Since LRS models of Bianchi type VII 0 also admit a group G 3 of isometries of Bianchi type I, we do not consider them in detail here. 7 The limits in the case γ = were conjectured by Sam Lisi. We thank him for helpful discussions.
where k ∈ (0, 1) and L > 0 are constants that depend on the initial conditions.
Proof. It follows immediately from (2.19) and (2.20) that
Furthermore, since Σ + is bounded, it follows from the ψ evolution equation in (2.21) that lim
The trigonometric functions in the DE (2.21) thus oscillate increasing rapidly as τ → +∞. In order to control these oscillations, we introduce new gravitational variablesΣ + ,R andH according to
These new variables are defined so as to 'suppress' the rapidly oscillating terms which may not tend to zero as τ → +∞. The evolution equations for these "barred" variables, which can be derived from (2.21) and (3.8), have the following form 10) and the B terms are bounded functions inΣ + ,R,H and in M and ψ for τ sufficiently large. The essential idea is to regard M and ψ as arbitrary functions of τ subject only to (3.6). Thus, (3.9) is a non-autonomous DE forx = (Σ + ,R,H),
where 
+∞ † The components in the parentheses are the lim inf and lim sup. The parameter k is the parameter that appears in theorem 3.1.
and f (x) can be read off from the right-hand side of (3.9). Since
as follows from (3.6), the DE (3.9) is asymptotically autonomous (see [12] ). The corresponding autonomous DE iŝ
Using standard methods from the theory of dynamical systems, we first show that the limits of the "hatted" variables correspond to those limits stated in the theorem. Details are provided in appendix B.1. We then use a theorem from [12] (see theorem B.1 in appendix B) to infer that the solutions of the non-autonomous DE (3.11) have the same limits as the solutions of the autonomous DE (3.13). Details are provided in appendix B.2. The limit of x = (Σ + , R, H) follows immediately from this result in conjunction with the definitions (3.8). Finally, the limit (3.5) concerning the ratio M/R is obvious when 4 3 γ < 2, since R 0. The more complicated case when 2 3 < γ < 4 3 is treated in appendix B.3. Corollary 3.1. The limits as τ → +∞ of the density parameter Ω, the magnetic density parameter Ω h , the shear scalar Σ and the Weyl curvature scalar W, for all magnetic Bianchi cosmologies of type VII 0 that are not LRS and with Ω satisfying Ω > 0, are as given in table 1.
Proof. These results follow directly from theorem 3.1 and equations (2.23), (3.3), (C.3) and (C.4). Moreover, if 1 < γ < 2, it follows from (C.3) and (C.4) that since Σ + , R and H are bounded, and lim τ →+∞ M/R = 0, that
We conclude this section by discussing the physical interpretations of theorem 3.1 and its corollary. Like the non-magnetic Bianchi VII 0 models, the magnetic Bianchi VII 0 models are not asymptotically self-similar at late times, since the orbits in the Hubble-normalized state space do not approach an equilibrium point of the evolution equations. This phenomenon is accompanied by Weyl curvature dominance, characterized by the divergence of the Weyl curvature scalar W which describes the intrinsic anisotropy of the gravitational field. For non-LRS models with 1 < γ < 2, W is unbounded as τ → +∞.
The shear scalar Σ quantifies the anisotropy in the expansion of a cosmological model. We see that for 2 3 < γ < 4 3 , the models isotropize at late times in the sense that lim τ →+∞ Σ = 0, as is the case for the corresponding non-magnetic Bianchi VII 0 models (see [20] , theorem 2.3). The key difference between the magnetic and non-magnetic models occurs when the matter content is a radiation fluid (γ = 
The singular asymptotic regime
In this section we show, by combining numerical experiments with analytical considerations, that generic non-LRS magnetic Bianchi VII 0 cosmologies with 2 3 < γ < 2 exhibit an oscillatory approach to the initial singularity, as do the other class A magnetic Bianchi models.
As is the case for the previously studied class A magnetic Bianchi models, the behaviour into the past for the magnetic Bianchi VII 0 models is necessarily complicated since none of the equilibrium points of the evolution equations (2.14) are local sources. It is well-known that in the dynamical systems approach, the Kasner circle K plays a primary role in determining the dynamics towards the singularity, since its local stability enables one to predict whether the singularity in a given class of models is oscillatory 9 . For the present class of models, K is the set of equilibrium points described by
9 In a recent paper [18] , it has been shown that the Kasner circle also plays this role in cosmological models without symmetry. 10 In discussing the singular asymptotic regime, it is more convenient to use the spatial connection variables N 2 and N 3 , rather than N + and N − (see equation (2.3) ). A local stability analysis shows that the Kasner equilibrium points are saddles in the Hubble-normalized state space. Apart from three exceptional points (labeled T 1 , T 2 and T 3 in figure 1 ), the equilibrium points of K have a one-dimensional unstable manifold into the past. Figure 1 shows the signs of the eigenvalues on K associated with the variables H, N 2 and N 3 (a negative eigenvalue indicates instability into the past) and which of these three variables are increasing into the past in a neighbourhood of the Kasner circle. It turns out each unstable manifold on K is asymptotic to another Kasner point. In other words, the unstable manifold is a heteroclinic orbit of K, i.e. an orbit which joins two Kasner points. These unstable manifolds provide a mechanism for a cosmological model to make a transition from one (approximate) Kasner state to another, as it evolves into the past. Figure 2 shows the projections in the Σ + Σ − -plane, of these families of heteroclinic orbits, that join two Kasner points. The families are described as follows:
The heteroclinic orbits on S N2,3 describe the familiar vacuum Bianchi II Taub models, while the orbits on S H describe the Rosen magneto-vacuum models (see [8] , pg. 531). Numerical experiments suggest that for generic non-LRS models, after an initial transient stage, the orbit approaches a point on K. The direc- tion of departure of the orbit is determined by the unique Rosen or Taub orbit through that point whereupon it shadows (i.e. is approximated by) this orbit until is approaches another point on K and the process repeats indefinitely. In physical terms, the corresponding cosmological model is approximated by an infinite sequence of Kasner vacuum models as the singularity is approached into the past, the so-called Mixmaster oscillatory singularity. This behaviour motivates the following conjecture concerning the past attractor A − .
Conjecture 4.1. The past attractor is the two-dimensional invariant set consisting of all orbits in the invariant sets S H , S N2 and S N3 (see figure 2 ) and the Kasner equilibrium points, i.e.
This conjecture can be formulated in terms of limits of the state variables as follows. Referring to (2.16) and (4.1), we see that the set A − is defined by Ω = 0 and
It follows from monotone function arguments (see the comment at the end of appendix A) that lim
and, moreover, that N 2 and N 3 are bounded in the singular regime. Thus our conjecture concerning the past attractor can be formulated as
Note that for a generic orbit, lim τ →−∞ (H, N 2 , N 3 ) does not exist. 
Discussion
With the appearance of the present paper there is now available a complete description of the dynamics of magnetic Bianchi cosmologies 11 with a perfect-fluid matter content, in the two asymptotic regimes. We now give an overview of the properties of these models, in order to highlight the role of a primordial magnetic field in spatially homogeneous cosmological dynamics. The possible Bianchi types and relevant references are given in the introduction. We emphasize the so-called class A models (in the terminology of Ellis and MacCallum [4] ), that is, those of Bianchi types I, II, VI 0 and VII 0 . For each of these types the Hubble-normalized state space is five-dimensional, but, as indicated in table 2, they differ as regards the number of degrees of freedom associated with spatial curvature and with the magnetic field. In this table we have also listed Bianchi types VIII and IX, which do not admit a magnetic field, for comparison purposes.
All models in table 2 display an oscillatory approach to the singularity, described by a two-dimensional attractor in the Hubble-normalized state space, familiar from the non-magnetic Bianchi VIII and IX models (see [19] , pp. 143-7). The essential point is that the magnetic field mimics spatial curvature in that it destabilizes the Kasner circle of equilibrium points. Note that the sum of the number of spatial curvature and magnetic degrees of freedom is three, in all cases in table 2.
As regards the late-time dynamics of the magnetic cosmologies, there is a fundamental difference between the Bianchi VII 0 models considered in the present paper and the Bianchi I, II and VI 0 models considered earlier ( [8] , [6] , [7] ), as follows. The Bianchi I, II and VI 0 models are asymptotically self-similar, in the sense that each model is approximated by an exact self-similar solution, while the models of type VII 0 are not asymptotically 
The parameter k satisfies 0 < k < 1 and depends on the initial conditions.
self-similar. This difference is essentially a consequence of the fact that the Hubble-normalized state space of the Bianchi VII 0 models is unbounded. Another feature of the magnetic cosmologies is that the asymptotic dynamics at late times depends significantly on the equation of state parameter γ. We illustrate this dependence in tables 3 and 4 where we give the limits at late times of Ω, Ω h , Σ and W for the two physically important cases, dust (γ = 1) and radiation (γ = A cosmic magnetic field also affects the local stability of the equilibrium point that corresponds to the flat FL solution 12 . For non-magnetic models, the flat FL equilibrium point is typically a saddle point, having both a non-trivial stable manifold and a non-trivial unstable manifold. The shear degrees of freedom generate the stable manifold while the spatial curvature degrees of freedom generate the unstable manifold. The stable manifold leads to the phenomenon of intermediate isotropization, i.e. a model can evolve to become arbitrarily close to isotropy over a finite interval of time. The unstable manifold leads to models with an isotropic singularity, i.e. models which are highly isotropic near the initial singularity, but which subsequently develop anisotropies. The effect of a primordial magnetic field on these phenomena depends on the equation of state parameter γ. If γ < , the magnetic field increases the dimension of the unstable manifold by one, leading to magnetic models with an isotropic singularity.
We conclude by giving some suggestions for future research. Firstly, it 
+∞ † The parameter k satisfies 0 < k < 1 and depends on the initial conditions. The components in the parentheses for Σ 2 correspond to its lim inf and lim sup.
would be of interest to investigate the asymptotic dynamics of spatially inhomogeneous cosmological models in the presence of a primordial magnetic field, in order to determine which features of magnetic Bianchi cosmologies occur in models without symmetries. The recent paper [18] on G 0 cosmologies would provide a suitable framework for such an investigation. One step has been taken in this direction by Weaver et al [21] , who investigated a family of inhomogeneous cosmologies that generalize the magnetic Bianchi VI 0 cosmologies, and provided numerical evidence that the singularity is oscillatory.
Secondly, the work of Barrow et al [1] referred to in the introduction leads to an upper bound on the magnetic density parameter Ω h of order 10 −10 for spatially homogeneous magnetic fields. It would be of interest to what extent this upper bound would be weakened within the class of spatially inhomogeneous magnetic cosmologies. The analysis of the anisotropies in the CMBR by Maartens et al [9] would probably provide a suitable framework for such an analysis.
We finally comment briefly on other recent work on magnetic fields in cosmology, which has focused on the potential dynamical effects of a primordial magnetic field in a perturbed FL cosmology ( [10] , [11] , [13] , [14] , [15] , [17] ), or in a perturbed Bianchi I cosmology ( [16] ). This work, which makes use of the Ellis-Bruni covariant and gauge-invariant method for analyzing cosmological density perturbations, complements the results in our paper and related ones, which focus on the dynamics in the asymptotic regimes of magnetic Bianchi cosmologies, and on the likelihood that such a model will evolve to be close to FL. Extending the dynamical systems analysis of magnetic Bianchi cosmologies to spatially inhomogeneous magnetic cosmologies may help to bridge the gap between these two bodies of work.
We give a proof by contradiction. Suppose that (A.1) does not hold. Since the remaining variables are bounded, it follows that for any point x in the state space the ω-limit set ω(x) is non-empty.
Consider the function
which satisfies 0 < Z 2 < +∞ on the invariant set S defined by
3) The evolution equations (2.14) imply that
It follows that Z 2 is decreasing 14 along orbits in S. We can now apply the monotonicity principle. By (A.3) the setS \ S (the set of boundary points of S that are not contained in S) is defined by one or both of the following equalities holding
It now follows that for any x ∈ S, the ω-limit set ω(x) is contained in the subset ofS \ S that satisfies lim y→s Z 2 (y) = +∞, where s ∈S \ S and y ∈ S. On account of (A.2) and (A.4) we conclude that
We can further restrict the possible ω-limit sets by considering the function
, as follows from (2.14). We immediately conclude that lim τ →+∞ Z 3 = 0 and hence that lim τ →+∞ Ω = 0. In conjunction with (A.5), this result implies that ω(x) ⊂ S 1 , where
The only potential ω-limit sets in S 1 are equilibrium points, since 15 lim τ →+∞ N + = +∞ for all other orbits in S 1 . The equilibrium points are 14 No orbit in S satisfies Σ + = −1 for all τ . No orbit with H > 0, Ω > 0 and 1 < γ < 2 can be future asymptotic to any of these equilibrium points, since Ω ′ > 0 in a neighbourhood of any of these points as follows from (2.17) and (2.15). Thus we have a contradiction of the fact that ω(x) = φ, and as a result, (A.1) holds in case 2.
Comment. The monotone function (A.2) also provides useful information about the past asymptotics of magnetic Bianchi cosmologies. From the monotonicity principle, we can conclude that
for any x ∈ S. Therefore, in contrast to the late-time regime, N + is bounded towards the initial singularity.
Appendix B
In this appendix we fill in the details of the proof of theorem 3.1. The proof of this theorem relies on a result of [12] (see corollary 3.3, pg. 180) concerning asymptotically autonomous DEs, stated as theorem B.1 below.
Consider a non-autonomous DĒ
and the associated autonomous DÊ
where f : We make use of this theorem in appendix B.2.
Appendix B.1
We now deduce the limits at late times of (Σ + ,R,Ĥ). The components of the DE (3.13),x ′ = f (x), are given bŷ
One can also form an auxilliary DE forΩ using (B.3) and (B.5) to find thatΩ
We consider the state space S of the DE (B.3) defined by the inequalitieŝ
These inequalities in conjunction with (B.5) imply that the state space S is the interior of one quarter of an ellipsoid. Understanding the dynamics on the two-dimensional invariant sets SΩ, SR and SĤ, the closure of their union defining the boundary of S, will be crucial in our analysis. These sets are defined by the following restrictions:
The DE (B.3) admits a positive monotone function
on the set S. Thus, if γ = 4 3 there are no equilibrium points, periodic orbits and homoclinic orbits in S (see [19] , proposition 4.2). It is immediate upon integrating (B.9) and using the boundedness ofR andĤ that for anyx ∈ S ω(x) ⊆SR ∪SĤ, if We now consider the case 4 3 < γ 2. The flow on the invariant set SΩ is depicted in figure 3 , which shows the projection of the surfaceΩ = 0 onto theΣ +R -plane. The essential features are the existence of three equilibrium points
in which K ± lie on the boundary of SΩ, and the fact that there are no periodic orbits on SΩ. The latter can be established by the existence of a Dulac function λ on SΩ given by
(see [19] , theorem 4.6, pg. 94). Thus, the only potential ω-limit sets in SΩ are the equilibrium points K ± , V and the heteroclinic sequence (K − → K + → K − ) and hence for anyx ∈ SΩ, the ω-limit set is one of these four candidates. The point K + can be excluded since it is a local source in S. Moreover, the point K − can be excluded by considering the evolution equation forĤ, which is of the form
Since h(K − ) = h(−1, 0, 0) = 3 andĤ = 0 at K − , it follows that lim τ →+∞Ĥ = 0 and hence that an orbit in S cannot be future asymptotic to K − . This leaves the equilibrium point V and the heteroclinic sequence (
as the remaining candidates for the ω-limit set in SΩ. The latter can be excluded since V is a local sink in S and hence ω(x) = V for anyx ∈ SΩ. On account of (B.11), we thus conclude that for anyx ∈ S, It follows immediately from the LaSalle invariance principle (see [19] , theorem 4.11, pg. 103) that ω(x) ⊂ {x | Σ + = 0}, (B.14)
for anyx ∈ S. By (B.9) the function Z defined in (B.8) describes a conserved quantityΩ
where k > 0 is a constant that depends on the initial condition. We see that for all k > 0 the surfaces described by (B.15) foliate the state space S and intersect the boundaryΩ = 0 atR = 0 andĤ = 0 (see figure 4) . When γ = 
It can show that for each k > 0, the two-dimensional invariant set defined by (B.15) intersects the line L at precisely one point. Since this unique point of intersection is the only equilibrium point on this invariant set which satisfiesΣ + = 0, it follows from the restriction (B.14) that any solution in S satisfies 16) where k ∈ (0, 1) is a constant which depends on the initial condition.
Appendix B.2
We now apply theorem B.1 using the results of appendix B.1 to prove that lim τ →+∞x = a, wherex = (Σ + ,R,H) and a is given by the right-hand sides of (B.12), (B.13) and (B.16), considering the three cases detailed in appendix B of [20] . It follows that any solution of the DE (2.21) subject to the restrictions (2.25) with 
Appendix C
In this appendix we give an expression for the Weyl curvature parameter W in terms of the Hubble-normalized variables Σ + , R, H, M and ψ. Let E αβ and H αβ be the components of the electric and magnetic parts of the Weyl tensor relative to the group invariant frame with e 0 = u. It follows that E αβ and H αβ are diagonal and trace-free and hence they each have two independent components. In analogy with (2.3) we define It follows from (3.2), (C.1) and (C.2) that
Equations (1.101) and (1.102) in [19] for E αβ and H αβ , in conjunction with the frame choice detailed in section 2 of [8] and equations (C.1) and (2.20) 
